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classical scalar integral with a Carathéodory kernel ¢ : S x X — F. This representation,
a core contribution of this work, translates the abstract operator integral into the
more familiar form 7f = [, @(f(y),y) dm(y). This approach not only provides a powerful
analytical framework but also enables the direct use of standard tools for nonlinear
integral operators. Moreover, by introducing a Lipschitz condition on the kernel, we
derive the nonexpansive inequality ||Tf = Tg|| < ||L||.e||f — gl|wp, thereby classifying T
as a nonexpansive operator (or a strict contraction when ||L||;¢ < 1). Consequently,
this framework enables the direct application of classical fixed-point algorithms, such
as Picard iterations for contractions and Krasnoselskii-Mann or Halpern schemes for
nonexpansive mappings. This work bridges the gap between the abstract theory of
operator-valued measures and the practical application of nonexpansive-type
operator theory and algorithms.
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1 Introduction

The motivation for this paper stems from the desire to bridge two important fields of
functional analysis: the abstract theory of nonlinear operator-valued measures and the
practical application of fixed-point algorithms. While significant work has been done on
integration with respect to linear operator-valued measures, much less attention has been
given to the nonlinear case. This is a notable gap, especially given the growing interest
in models described by nonlinear differential and integral equations, where key operators
such as the Nemytskii and Urysohn operators arise naturally as integrals with respect to
these measures (as shown in Examples 1.1 and 1.2 below).
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This paper builds upon the concepts initiated in [48], where a general theory of inte-
gration for nonlinear operator-valued measures was developed. Our main contribution is
to demonstrate that under certain conditions, this abstract integral can be represented by
a classical integral with a Carathéodory kernel. This representation provides a powerful
framework for studying the properties of integral operators and, crucially, for establishing
conditions under which these operators are of the nonexpansive type. These conditions,
in turn, allow for the direct application of standard iterative methods from fixed-point
theory, such as Picard, Krasnoselskii-Mann, and Halpern iterations.

The subsequent sections of this paper are structured as follows. We begin by formally
defining the key concepts and notations, many of which are drawn from [48] for consis-
tency. We then present two core representation theorems: a Radon-Nikodym-type (RN)
theorem for the Pettis integral in Sect. 2, and another one for the Bochner integral in
Sect. 3. Finally, in Sect. 4, we leverage these representation theorems to show that the
resulting integral operators are nonexpansive and can be analyzed using a variety of fixed-
point algorithms, thereby closing the loop between the abstract theory and its practical
algorithmic applications.

Let F be a Banach space and let S be a separable Banach space. By N(S, F) we denote
the space of all functions U : § — F satisfying two conditions: (1) U(0) = 0, and (2) U
is uniformly continuous on every ball in S. Let further R be a o -algebra of subsets of a

non-empty set X.

Definition 1.1 A set function i : R — N(S, F) will be called an operator-valued measure

if it has the following properties:

1. u@=0
oo o8
2. w(UB)r =3 uB;)r, for every r € S and for a sequence of pairwise disjoint sets
i=1 i=1
(B;) from R.

It is important to note that an operator valued measure is countably additive in the
strong operator topology (in the point-wise sense) but not necessarily countably additive
in the uniform operator topology. By the Orlicz-Pettis theorem (see IV 10.1 in [16]), count-
able additivity in the strong and weak topologies is equivalent. Operator-valued measures
and integration with respect to such measures have many applications, including scatter-
ing theory, spectral analysis, stochastic integration of vector-valued processes, operator
equations, and the representation of operators in Banach function spaces. Several recent
articles related to these topics have been published, see e.g., [21, 35], and the papers cited
therein. We refer the reader to an excellent 2017 book by Jefferies [22] providing a mono-
graphic exposition of the current state of the art. These works are usually based on the
classical concepts of integrals over operator-valued measures introduced in the papers of
Bartle [1] and Dobrakov [13], which represent a special case of the theory discussed here
when N(S, F) = L(S, F), the space of all linear bounded operators. In this context, it seems
interesting to develop further the concepts initiated in [48], concerning the situation when
measures do not have to be linear operators. Even more so, because of the growing interest
in scientific models described by nonlinear differential and integral, frequently stochas-
tic, equations. Many important nonlinear operators like the Nemytskii operator and the

Urysohn operator can be treated as integrals with respect to such measures. Nonlinear
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operator measures had also been considered in [24] in the context of applications of mod-
ular function spaces to the theory of nonlinear integral operators. Also, in 2015 in [23],
Khamsi and Kozlowski refer to [48], presenting it as an important example of a modular
function space in the context of fixed-point theory. The following definitions and nota-
tions are taken from [48]. The reader is referred to this paper for further details.

Definition 1.2 Given an additive set function G : R — F. For each E C X the variation of
G onaset E is denoted by V(G)(E) and is defined by V(G)E) = sup{)_ [|G(E;)||}, where the
i=1

supremum is taken over all finite sequences (E;) of pairwise disjoint sets in R with E; C E.

Definition 1.3 For every o > 0 and every E C X the semivariation of the operator-valued
n
measure u is defined by the formula sv(uy, E) = sup{|l d_[(E;)r1||}, where the supremum

i=1

is taken over all finite sequences (E;) of pairwise disjoint sets in R with E; C E and over all
r; € S such that ||| < a.

Definition 1.4 For every o, § >0 and every E C X
1. the §-variation of the operator-valued measure u is defined by the formula

vs(la, E) = sup {Z V(uQri - M(-)rQ)(E,-)} ,
i=1

2. the §-semivariation of the operator-valued measure p is defined by the formula

t

where the suprema are taken over all finite sequences (E;) of pairwise disjoint sets in
R with E; C E and over all pairs r;,7; € S such that ||| <o, |7}l <, |r; =7}l <38.

n

Z [W(Eri — w(Enr)]

i=1

svs(fe, E) = sup {

It is obvious that svs(ita, E) < vs(iie, E) for every E € R.

Definition 1.5 We shall say that
1. the operator measure w is locally uniformly continuous in variation on E € R if
{gi_l;% vs(ita, E) = 0 for every a > 0.
2. the operator measure u is locally uniformly continuous in semivariation on E € R if
}i_r}l(l)sva(ua,E) =0 for every a > 0.

If i is an operator-valued measure on R, then, for each r € S, ||u(-)r| is a countably
subadditive set function.

Definition 1.6 For every r € S and E C X a submeasure majorant i for u is defined by
the formula (E)r = sup{||u(A)r||: A C E,A € R}.

Definition 1.7 A set E € R is called u-null iff (E)r =0 for every r € S.

Assumption 1.1 The term p-almost everywhere refers to the complement of a p-null
set. In this paper we assume that p is complete, i.e., the o-algebra R is such that every
subset of a u-null set is a member of R.
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Assumption 1.2 (Measure conditions) In this paper we assume that the operator measure
1 meets the following conditions:
(ul) for each E € R and « > 0 the §-semivariation svs(itq, E) tends to 0 as § tends to 0,
i.e. u is locally uniformly continuous in semivariation on every E € R.
(u2) for each r € S the submeasure majorant z(-)r is continuous on R, i.e., if E, € R,
E, \ ¥, then lirlln w(E,)r=0.

Definition 1.8 Let m be a finite positive measure on the o-algebra R. We say that
operator-valued measure p is absolutely continuous with respect to measure m (what we

write u < m) if for everyre S, lim m(E)r=0.
m(E)—0

Definition 1.9 A function s: X — S is called an R-simple function on X with value in S

k
if the function s is of the form s = Y r; - 1,4,, where (4;) are pairwise disjoint sets in R and
i=1

k
(JA; = X. By £ we shall denote the space of all R-simple functions.
i=1
Definition 1.10 A function f: X — S is called:
1. p-measurable if there exists a sequence of R-simple functions (s,), such that
sy — f n-almost everywhere on X.
2. m-measurable if there exists a sequence of R-simple functions (s,), such that

sy — f m-almost everywhere on X.

It is easy to check that in the case where <« m, a function fis .-measurable if and only
if it is m-measurable.

Definition 1.11 The average range of an additive set function G : R — F on a measurable
set E € R, m(E) > 0, is the set
G(E)

Ap(G) = {M :E' e R,E CE,m(E) > 0}.

A set function G has almost locally compact average range if whenever E € R, m(E) >0
and € > 0 then there exists a measurable set E, such that m(E \ E,) < € and Ag,(G) is a

precompact set in F.

Definition 1.12 The definition of the integral with respect to the operator-valued mea-

sure was introduced in detail in [48].
k
1. For every R-simple function s of the form s = )" r; - 14, we define
i=1

k
/sdu = Zu(EﬂAi)r,-, where EER, A; € R.

E i=1

2. Afunction f: X — S is called totally R-measurable if there exists a sequence (s,) of
‘R-simple functions converging uniformly to f. By & we shall denote the space of all

totally R-measurable functions.
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3. For every totally R-measurable function f € & and E € R we put

[ fdw=1im [ s,du, where (s,) is a sequence of R-simple functions converging
E " E
uniformly to f.

4. We extend the domain of integration to the class M(u) = {f : X — S functions such
that there exists a sequence (s,) of R-simple functions converging to f pt-almost

everywhere and lim ['s, du exists for every E € R}. Such functions are called
n
E

wu-integrable functions.
5. For a u-integrable function f € M(u) and E € R we put [ fdu =1im [s,dp. The
E " E

independence from the choice of sequence (s,) was proved in [48].

Definition 1.13 By M(u, m) we will denote the class of functions f : X — S such that there
exists a sequence (s,) of R-simple functions which converges to f m-almost everywhere
and that lim ['s, dpu exists for every E € R.
n
E

Remark 1.1 In an equivalent manner, M(u,m) can be defined as the set of functions f :
X — §, such that f is m-measurable and there exists a non-decreasing sequence of sets
(Zi) such that Z; € R, (X \ Zx) \(N (where N is m-null), f - 17, is a totally R-measurable
function and li,{n { f -1z, dp exists for every E € R. The proof of this fact can be made in

the same way as in theorem 2.5 in [48].

Remark 1.2 It is obvious that if © < m then M(u, m) C M(u). If in addition m < u, then
M(p, m) = M().

Definition 1.14 Given f € M(u) we define a set function Gr: R — F by G(A) = [fdn
A
for A € R. The space MV (1, m) is defined by MV (u, m) = { f € M(ju, m) : V(Gr)(X) < +00}.

Definition 1.15 Let ¢ be a function ¢ : S x X — F.

1. ¢ isa Carathéodory function if ¢(r, -) is a measurable function for each r € § and
¢(-,x) is continuous for m-almost everywhere x € X.

2. ¢ is alocally uniformly continuous Carathéodory function if ¢(r, -) is a measurable
function for each r € S and ¢(-,x) is uniformly continuous on each ball in S for
m-almost everywhere x € X.

3. ¢ is alocally uniformly weakly continuous Carathéodory function if ¢(r, -) is a
measurable function for each r € S and the functional < z*, (-, x) > is uniformly

continuous on each ball in S for every z* € F* and for m-almost everywhere x € X.

The following two examples show that some non-linear operators connected with the
theory of integral equations can be represented as integrals with respect to some nonlinear

operator-valued measures.

Example 1.1 Let S =R, F = L}(X) and ¢ be a Carathéodory function, ¢(r,-) € L}(X) for
every r € R and ¢(0,-) = 0. Define u as follows

(W A)r)(x) = (r, %) 14(x), for A €R.
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For f € M(uw), the integral becomes

( /X )@ = p(f@),x),

i.e., the integral is equal to the Nemytskii operator.

Example 1.2 Let (X, R, m) be a measure space, S = R, F = L}(X). Let a function K : X x
X x R — R be such that
(1) K(x,9,0)=0,
(2) K(x,y,r)is continuous in r € R almost everywhere in X x X and measurable in (x, y)
for every fixed r € R,
(3) for every € > 0 there exists § > 0 such that [ | [ K(x,y,r)dm(y)| dm(x) < € if m(A) <.
E A

Define y: R — N(R,L'(X)) by

(W(E)r)(x) = /K(x,y, rydm(y) € LY(X), xeX.
E

For f € M(u) we have

( / fdp)x) = / Koy f ) dm(y), xeX.
E E

Hence, the integral of f with respect to the nonlinear valued measure p is the Urysohn
operator. Assumptions (1)-(3) are standard in the theory of nonlinear integral equations.

The author’s paper [48] proves a number of principal properties of integration in this
sense. In particular, orthogonal additivity, absolute continuity of the integral, and also the
Vitali-type theorem. The reader is referred to this paper for further details. Note that in
[48] a more complicated situation was considered, namely the operator-valued measure
1 was defined on a §-ring P. Obviously, the whole theory established there is valid also in
the o -algebra case.

The integration theory of vector-valued functions with respect to operator-valued mea-
sures was researched by Dobrakov [13] and developed in [15]. Links between Dobrakov’s
integral theories and other integral theories were presented in [37]. In the situation when
N(S,F) = L(S, F), where L(S, F) is the space of all linear bounded operators, then f € M(u)
is equal to the class of integrable functions in the sense of Dobrakov (cf. [13]), and further-
more, both our and Dobrakov integrals are identical. Because every function which is inte-
grable in the sense of Bartle (see [1]) is integrable in the sense of Dobrakov, it also belongs
to M(w). In the article [14], Dobrakov refers to the work [48] containing the above con-
cepts and their properties. It should also be noted that in the special case, where F = S =R,
if f is Lebesgue integrable, then f is j-integrable and [ f du = [ f dm. Conversely, if f is j1-

integrable, then f is Lebesgue integrable (cf. [13]). HiEldebran(ft’s now historic article [20]
discussing different types of integration may provide a reference point to better situate
later results. The problem of integral representation of linear operators on vector-valued
function spaces with respect to the corresponding operator-valued measures has been
studied by many authors (see [10-12, 33, 34]). The book [12] is devoted in particular to
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the theory of integration with respect to vector measures of finite semivariation and its
applications. In papers [33, 34], o-smooth operators are studied and relations between
these operators and the corresponding operator measure with values in the space £(X,Y)
of all bounded linear operators between Banach spaces. In the paper [32], the author com-
prehensively presented the principles of Pettis integrability. Paper [47] considers issues
of representation of orthogonally additive operators defined on the space of measurable
functions by integrals with respect to the nonlinear operator-valued measure. The the-
orems in Sects. 2 and 3 use Radon-Nikodym-type theorems. Radon-Nikodym theorems
in the situation of measures and functions with values in Banach spaces are presented,
among others, in [7]. There are also references to earlier papers [28, 30, 46] in the case of
Bochner and Pettis integrals and [31] in the case of the Bartle-Dunford-Schwartz integral.

In the current paper, in Sect. 2, we consider the Radon-Nikodym-type theorem on rep-
resentation of the given nonlinear operator-valued measure j by the Pettis integral with
respect to non-negative finite measure m. In this section, we make an additional assump-
tion that the space F is a weakly complete Banach space. In Sect. 3, we present a theorem
on the representation of the operator measure p by the Bochner integral with respect to a
non-negative finite measure m. In this section, we omit the assumption of weak complete-
ness of the space F, but introduce additional assumptions about the measure u regarding
the finiteness of the variation and the local uniform continuity in the variation. Further-
more, we discuss the relation between the integral with respect to u and the Pettis and
Bochner integrals with respect to the scalar measure m. In Sect. 4, we leverage that repre-
sentation Tf = [, f du to place it in the framework of nonexpansive-type operators and
iterative methods. With some additional assumptions, the operator [, f du will be nonex-
pansive and even a strict contraction. Consequently, standard fixed-point algorithms ap-
ply directly: Picard in the contractive regime, and Krasnosel’skii-Mann/Halpern iterations
for nonexpansive mappings. In this setting, Nemytskii (pointwise) and Urysohn (kernel)
operators arise as immediate special cases of this operator.

Remark 1.3 (Standing assumptions) Throughout, (X, X, m) is o —finite and S, F are (real)
Banach spaces. We fix 1 < p < oo and write g for its Holder conjugate. Integrals are with
respect to m and we write dm for the measure differential. By a Carathéodory function
¢ : S x X — F we mean: measurable in x and (locally uniformly) continuous in r.

2 The Pettis integrals and operator valued measures

Definition 2.1 Let (X, R, m) be any finite measure space, and F any Banach space. Given
a strongly measurable function g : X — F, we say that g is Pettis integrable if for every set
E € R there exists an element H(E), such that

<Z*,H(E) >= f <z*,g(x) > dm,
E
for any z* € F*. The element H(E) is called the Pettis Integral of g in E, and is denoted by

(P) [ gdm.
E

Definition 2.2 A function g: X — F is scalarly m- integrable if < z*,g >€ L'(m), for
every z* € F*.
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The following theorem of Vitali’s type for the Pettis integrals is taken from the Musial’s
paper (Theorem 5.5 p. 552 in [32]). Refer there for further details and proof.

Theorem 2.1 (Vitali’s Type Theorem). Assume that F does not contain any isomorphic
copy of co. If g : X — F is scalarly m-integrable and there are Pettis integrable functions g,
such that

1im/<z*,gn>dm:/<z*,g>dm,
E E

forall E € R and each z* € F*, then the function g is a strongly measurable Pettis integrable
function and

lim(P)/g,, dm:(P)/gdm,
E E

weakly for all E € R.

Theorem 2.2 (Radon-Nikodym Theorem for the Pettis integrals). Let v : R — F be any
o -additive measure and v be absolutely continuous with respect to measure m (v < m).
The following conditions are equivalent:

1. There exists a strongly measurable Pettis integrable function g, : R — F such that

(P)/g, dm=v(E) forall EeR.
E

2. The vector measure v has almost locally compact average range.

Details of such a formulation of the Radon-Nikodym theorem and its proof are provided
in [7]. The proof refers to an earlier paper Moedomo and Uhl [30]. We use this theorem
of Radon-Nikodym in the proof of the next theorem.

Theorem 2.3 Let F be a weakly complete Banach space and v : R — N(S, F) be an oper-
ator valued measure such that yu << m and (-)r has almost locally compact average range
foreveryreS. Then
1. there exists a locally uniformly weakly continuous Carathéodory function
¢ :S x X — F such that ¢(0,x) = 0 m-almost everywhere and

M(E)VZ(P)/w(V,x)dm
E

forreSand EeR.
2. foreach f € M(u, m), the function ¢(f(-),-) is a strongly measurable Pettis integrable
function and

/fdu = (P)/co(f(x),x) dm
E E

fJoreveryE€R.
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The function ¢ is unique up to sets of the form S x N with N an m-null set in X.

Proof It is convenient to divide the proof into several steps.

Step 1. For each r € S, the operator valued measure p : R — N(S, F) is a vector measure
u()r: R — F. This vector measure satisfying the assumptions of the Radon-Nikodym
Theorem 2.2 and its condition (2) are satisfied. Therefore it follows by this theorem that

u(Eyr = (P) fE g dm,

wherer € S, E € R and g, : X — F is a strongly measurable Pettis integrable function.
Step 2. Let Q C S be a countable dense subset (since S is separable) and let K, denote
the ball of radius « in S. In this step we verify that g(r,x) := g,(x) is a uniformly weakly
continuous function on the set Q, = Q N K, for m-almost everywhere x € X and for each
o >0.
Let z* € F* and € > 0. We define

1
A, (e)={x € X:3ry,rn € Qu such that ||r —ra|| < —
n

and | < z*, g(r1,%) — g(ry, %) > | > €}.

First, using general condition (1 1) (see Assumption 1.2), we will prove that lim m(A4,(¢)) =
0. !

For if liin m(A,(€)) # 0 there exists a positive number a such that m(4,,(¢)) > a.

Given § > 0, let n be chosen so that % < 4. Let {(pi,q:)}i>1 be an enumeration of all pairs
in Qy X Qy, such that ||p; — q;|| < % and let

Al ={xeX:|<z" gpix) - g(qix) > | > €.

Put A° = . Similarly as [29] define Ci*! = A1\ | J A, for i =0,1,2,.... Note that

J=i

a<m(A(€) =) m(Ch).

i=1

N
Let N be so chosen, that ) m(Cﬁ,) > al2. We get
i=1

N
Z/ | <z, g1, x) — g(qi,%) > | dm > €al2.

i-1 Y,
Cu

Then there exists a sequence of sets (D',) such that D!, C C!, for every i € N and

N
Z | / <z", gpix) - g(qi,%) >dm | > €al8.
i=1

D},
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Using the definition of Pettis integral (Definition 2.1)

N

Z| <z, (P)/g(p,»,x) dm — (P)/g(qi,x) dm>| > e€al8.
Di Di

i=1

N
D 1< wDpi - w(Dy)gi > | = eals.

i=1

Then there exists a sequence of sets (E') such that E C D! for every i € N and

N

1D <2 wEpi - WE g > | = eal32>0.
i=1

On the other hand we have

N

1> [(Epi — WELgd]]| < svs(pta, X) > 0 as 8 — 0.
i=1

N
Therefore < z*, Z[M(Efq)p,- - M(Ez)q,-] >— 0 which contradicts the previous inequality.
i=1
Consequently, we have that lim m(A,(¢)) = 0.
Thus if A€ = (] A,(¢) then m(A€) = 0. Now let B, = | J A/, obviously m(B,) = 0 and

n>1 j>1
for every « > 0 function g(-,x) is uniformly weakly continuous on the set Q, for every
x € X\ By.
Step 3. Let’s take ball K}, for & = n. For each such a ball K, we have a corresponding set
B, CX.

For r € Q we define

g(r,x) forxeX\ | B,
@(r,%) = "=
0 forx e |J B,

n>1

We extend ¢(r,x) tor € S.Letre Sand r, — r, r, € Q for every n € N (by density of Q
inS). Let @ > 0 and r € K,,. Because g(-,x) is uniformly weakly continuous on Q,, for each
x € X\ | By, it follows that {¢(r,, x)} is weak-Cauchy for m-almost all x. Since F is weakly

n>1
complete, it follows that there exists w — lim ¢(r,,, x). We define ¢(r,x) := w — lim ¢(r,,, x).
n n

Let us first note that the function ¢(-, x) is locally weakly uniformly continuous for every
x € X\ By. Leta >0, ¢ >0 and z* € F*. We will show that there is a § > 0 such that

| <z 0(r,x) —(s,x) > | <€

for r,s € K, such that ||r —s|| < 4.
Indeed, choose §; > 0 such that

€
| <Z% 0(p,x) - 9(q,%) > | < 3
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for p,q € Qy and |lp — q|| < &;. Fix r,s € K,. From the density of the set Q, in K, we can

select ry, s, € Qg such that ||, — 7| < 81, || — ]| < 81 and

€
| <z 0(re,x) — o(r,x) > | < 3

€
| < Z%, @(5q, %) — @(s,%) > | < 3

Because for every « > 0 function g(-,x) is uniformly weakly continuous on the set Q, for

everyx € X \ B, and ry, s, € Q, hence
N €
| <Z%, 0(ry, %) — @(Sq, %) > | < 3’

for ||y — sy || < 82. Choose § >0 and § < min(8y, 83), hence we have ||r—s|| <8, ||ry — sl <8

and all the above inequalities are satisfied. Hence

| <2 0(rx) —o(s,%) > | <|<2"@(e,x) —@rx) > |+
| < 2%, 0(5q, %) — @(s,%) > |+

| < 2% ¢(ra, %) — (8¢, %) > |

€
<—+-+-=¢€
3

Wl m
[SSRN

We will further show that the functions ¢(r, x) = g(r,x) m-almost everywhere.
Because the operator measure p is locally uniformly continuous in semivariation on

every E € R then for every r,,r,, € K, such that ||r, — 1| <§
lw(E)ry = W(EYryul < svs(Uay E) =0 if §—0.

Therefore for ||r, —r|ls = O, |W(E)ry — w(E)r|| = O uniformly on K.

In particular w(E)r, — w(E)r in weak topology, that is < z*, w(E)r, >—< z*, w(E)r > for
any z* € F*.

On the other hand, from Radon-Nikodym Theorem and by definition of Pettis integrals,

we have

<zZ*, WE)r, >=<z*,(P) /g(ry,,x) dm >= / <z*,g(ry,x) > dm,
E E

and

<zZ* WE)yr >=<z*,(P) /g(r,x) dm >= / <z, g(r,x) > dm.
E E

That is

/<z*,g(r,,,x)>dm—>/<z*,g(r,x)>dm.
E

E

Page 11 of 29
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But forevery E€R
lim/ <z",g(ry,x) >dm= lim/ <zZ5 0(ry,x) >dm
E E
since r, € Q. So
/ <z",g(r,x)>dm= lim/ <z, g(ry,x) > dm = lim/ <zZ5, o(ry,x) > dm.
E E E

Hence

lim/ <Z50(ry,x) >dm = / <z*,g(r,x) >dm
E E

for every E € R.
Because m is a finite measure, hence there exists (r,, ) subsequence of (r,,) such that

<25, @1y, %) >—>< 2", g(r,x) >
m-almost everywhere. On the other hand, as shown above,
<Z5 01y, x) >—>< z%, (r,x) >
m-almost everywhere. By the uniqueness of the weak-limit we finally get

o(r,x) =g(r,x)

for m-almost everywhere x and

lim/ <z 0(ry,x)>dm = / <z, 0(r,x) > dm
E E

for every E € R.
Step 4. Using the facts that ¢(0,x) = 0 m-almost everywhere and that u(E)r = f o(r,x)dm
E

for every E € R, we can show immediately that

fsdu =(P)/<p(s(x),x)dm
E

E

for every R — simple function s.
Step 5. Let f € M(u, m) and (s,) be a sequence of R — simple functions converging to f
m-almost everywhere, such that lim [ s, du exists for each E € R and lim [ s, dp = [ fdp.
" E " E E

Since a sequence converging at F is also weakly convergent at F, then

/sndu%E/fdu

E
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weakly for every E € R. Hence
<z*,/snd,u> — <z*,/fd,u>
E E
On the other hand, from Step 4, we have
/ spdp = (P) / P(sn(x),x) dm
E E

for each n e Nand every E € R.
From the definition of the Pettis integral we have

<z*,/sn du >=< z*,(P)/ga(sn(x),x)dm >= / <Z5, (s, (x).x) > dm.
E

E E

So

/<z*,<p(sn(x).x)>dm — <z*,/fd,u,>.
E E

On the other hand from Vitali’s theorem in L!(m) (see for example [4] th. 4.5.6 p. 269)
follows that if < z*, ¢(s,(x),x) >€ L'(m) for every n € N and lim [ < z*, ¢(s,(x),x) > dm
" E

exists for every E € R, then, it follows in particular, the exist function A € L!(#1) such that
limf <z", @(sy(x), %) > dm = fk(x) dm for every E € R. However m(X) < 0o, then there
" E E

exists subsequence (s, (x)) such that
< 2", (8, (%), %) >— A(x)

m-almost everywhere. But
<Z¥, @(su(x),x) >—>< 2%, 0(f (%), x) >

m-almost everywhere. Hence, by the uniqueness of weak-limit, finally we get
<Z*, o(f (%), %) >= A(x)

m-almost everywhere and therefore < z*, o(f (x),x) >€ L' (m) and

/<Z*,<p(sn(x)-x)>dm — /<Z*,q0(f(x).x)>dm
E

E

for every E € R and every z* € F*.
Note that the assumptions of Theorem 2.1 are satisfied, because
1. from the fact that F is weakly complete, it follows that it does not contain a

subspace isomorphic with ¢y (Bessaga-Pelczynski [3]),

Page 13 of 29
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2. from the fact that then f <z, 0(f(x),%) > dm € L'(m) for every z* € F* and
E

/ <Z5,0(s,(x),%) > dm — / <z 0(f(x),x) > dm,
E

E

for every z* € F*, for m — almost everywhere x € X and each E € R.
From Theorem 2.1 we know that under such assumptions if

lim/ <Z5, 0(s,(x),%) > dm = / <z, 0(f(x),x) > dm,
E

E

for all E € R and each z* € F*, then function ¢(f(-), -) is a strongly measurable Pettis inte-
grable function and

(@) [ 6,0 d = 2) [ ot dm
E E

weakly for all E € R. Thus, ultimately
/fdu = (P)/w(f(x),x) dm
E E

for every E € R.

The function ¢ is unique up to sets of the form § x N with N is m-null set in X.

The proof of uniqueness.

Assume that there are two locally uniformly weakly continuous Carathéodory functions
01,902 : S x X — F such that for a fixed r € S, the following holds for all E € R:

M(E)r=(P)/<ﬂ1(r,x)dm =(P)/¢2(r,x)dM-
E E

By the definition of the Pettis integral, for every z* € F*, this implies the equality of the
corresponding scalar integrals:

f (2", ou(r, %)) dm = / (& alrr20) dim.
E E

This means that for every z* € F¥,

f<Z*,<p1(r,x) — (%)) dm =0
E

for all E € R. By uniqueness of signed measures (via the monotone class theorem), if
ngdm =0 for all E € R, then g = 0 m-a.e. Thus, for each z* € F*, we have (z*, ¢1(r,x) —
@2(r,x)) = 0 for m-almost every x € X. By the Hahn-Banach theorem, if a vector v satisfies
(z*,v) = 0 for all z* € F*, then v must be the zero vector. Applying this pointwise for a.e.
x € X, we conclude that ¢, (r,x) = ¢,(r, x) for m-almost every x € X.

In the case of the Pettis integral, a weaker form of uniqueness is typically proven, known
as “Pettis almost everywhere” (Pettis a.e.) uniqueness. This means there exists a set N
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of measure zero (u(N) = 0) such that for all points x outside this set (x ¢ N), the ker-
nels ¢;(x,7) and @a(x, r) are equal, but in the sense of the weak topology. In practice, this
amounts to the condition:

Vx ¢ N,Vr € R,Vg* € F*: (g*, o1(%, 1)) = (g%, 02 (x, 7))

This weaker condition is a natural consequence of the proof in general Banach spaces.
To obtain stronger uniqueness (in the norm sense), additional assumptions are needed,
such as the separability of the space F. g

Remark 2.1 (Separable F = a common null set) If the Banach space F is separable, then
there exists a single m-null set N C X such that ¢;(r,x) = ¢a(r,x) for all » € S and all
x € X \ N. Indeed, separability of F yields a countable total set {z}},en C F*. Fix also a
countable dense set D C S (e.g. when S C R¥). For each # and r € D, apply the above Pettis-
uniqueness argument to get a null set N,,, on which (2}, ¢1(7,-) — ¢a(r,-)) = 0. Let N :=
U,, Urep Nurs then m(N) = 0. For x ¢ N and every #n, the map r — (z};, 1(r, %) — 2(r, %))
is continuous (local uniform weak continuity of Carathéodory functions) and vanishes on
the dense set D, hence it vanishes on all S. Since {z};} is total, we conclude ¢, (1, x) = @2 (7, %)
forallre Sandallx € X \ N.

Corollary 2.1 Ifadditionally one assumes m < |4 then

/fdu = /(ﬂ(f(x),x)dm
E E

holds for every f € M(p) and all E € R.

3 The Bochner integrals and operator valued measures
Definition 3.1 Let (X, R, m) be a finite measure space, and F a Banach space.
1. A function s: X — F it said to be simple if it is of the form s = ZZI x; - 14; where
x; € FandA; e Rforalli=1,2,...,N.

N
2. The integral of a simple function s is the element: [sdm =Y x; - m(A;) € F.

i=1
3. We say that (g,) converges in measure to some function g, if the following holds:
Jim m({x € X+ [Ign(x) — gl > €}) = 0.

4. Incaseg:X — F is the limit in measure of some sequence (s,) of simple functions,
then g is said to be m-measurable (also, strongly m-measurable).

5. We say that g is a Bochner integrable, if there exists a sequence of simple functions
(84), converging in measure to g, and such that

lim / I$ — sk |l dm = 0.
(n,k)— 00

If g : X — F is Bochner integrable, then the sequence (['s, dm) convergent in F, and
the limit is independent of the particular sequence (s,).
6. The limit [ s, dm called the Bochner integral of g and is denoted by [ g dm.
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Theorem 3.1 (The Radon-Nikodym Theorem for the Bochner integrals) Let (X, R, m)
be a o-finite positive measure space and let F be a Banach space. Let o be an F-valued
measure on X. Then o is the indefinite integral with respect to m of a F-valued Bochner
integrable function on X if and only if

1. o is m-continuous, that is o(E) = 0 whenever m(E) =0, E € R,

2. 0 has almost locally compact average range,

3. the total variation of o is finite, V(0)(X) < +00.

This standard theorem for Bochner integrals is formulated and proved in the papers in
[28] [th. 8] and [46]). We refer there for more details.

Let us now formulate the lemma used in the proof of the following theorem.

Lemma 3.1 Let g:S — L} where L} is the space of all F-valued Bochner integrable func-
tions on X, S is separable Banach space. For r € S denote the indefinite integral of g(r)
by [ g(r)dm. Then if the family { [ g(r) dm},cs is locally uniformly continuous in variation
there exists a Carathéodory function ¢ : S x X — F such that, g(r)(x) = ¢(r,x) m-almost

everywhere.

Proof The proof is analogous to the proof of Lemma 3 in paper [29]. Consider that the
proof in [29] was for the case S = R. However, only the separability of the real line was
used in this the proof. We assume separability of the space S, so the whole construction
of the proof does not change. Steps 2 and 3 in the proof of the theorem 2.3 are also based

on the same methods. O

Theorem 3.2 Let i1 : R — N(S, F) be an operator valued measure satisfying the following
conditions:

1L pu<m,

2. u()r has almost locally compact average range for everyr € S,

3. V(u@)r)(X) < +oo foreveryr €S,

4. is locally uniformly continuous in variation.
Then there exists a locally uniformly Carathéodory function ¢ : S x X — F such that
©(0,x) = 0 m-almost everywhere and for everyr € S, E€R

W(E)r = / @(r,x)dm.

E

In addition if f is a totally R-measurable function, then the function ¢(f(-),-) is Bochner

integrable and

/fdu = /(ﬂ(f(x),x)dm

E E

for every E € R. The function ¢ is unique up to sets of the form S x N with N is a m-null
set in X.
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Proof Since the operator valued measure pu satisfies condition (1) - (3) we can use the
Radon-Nikodym Theorem 3.1. It follows that for everyr € Sand E€ R

W(Eyr = / ) dm,

E

where g, is a Bochner integrable function. From the Lemma 3.1, using the condition (4) we
may prove that exists locally uniformly continuous Carathéodory function ¢ : S x X — F
such that, for every r € S, ¢(r, x) = g,(x) m-almost everywhere and

M(E)r:/q)(r,x)dm

E

for r € S, E € R. Using the fact that ¢(0,x) = 0 m-almost everywhere and that pu(E)r =
[ @(r,x)dm for every E € R, we can show immediately that

E
/sdu :/<p(s(x),x)dm

E E

for every R-simple function s and every E € R. Let f be totally R-measurable function.
It follows then there exists a sequence of R-simple functions (s,) uniformly converging to

f. For fixed s, = Z ri-1p and s, = Z r; - 1¢j we define a set function G by
i=1

G(E):/sndu—/smdu.

E E

For convenience of reference we note that if g : X — F is a function in L} and if, for each
EeR,G(E) = fgdm, then V(G)(E) = f llg(x)|| dm(x). For a proof of this fact we refer to

Dunford and Schwartz [16]. From thls we obtain

V(G)(E)=/||¢(Sn(x),x)—w(sm(x),x)lldm,
E

because

G(E) - / [0(52(2),%) — @5 (x), )]
E

On the other hand we have

K
V@ =sup(Y I [ sudii~ [ sndul
=2

(Ex)
k) k=1 E
K N M
=sup{) 1> u(BOri= > w(CHIIL,
EO k=1 =1 =1

where Bl.k =E;y N B; and C;‘ =E:NC,.



Szczypinski Fixed Point Theory Algorithms Sci Eng (2026) 2026:3

By taking all intersections of the form B N C;( fori=1,2,...,N,j=1,...,M and rein-
dexing, we get sets (Dy) p=1,2,...,N - M. Put 1, = 5,(D5) and r), = 5,,(D). We obtain

K NM

V(GYE) =sup{D_ I Y _(u(Db)r, — n@5)r)l1}

EO k=1 p=1
K

<sup{)_ V(u()re = pCOr)ED)
k=1

= Vs(las E).
The supremum is taken over all finite pairwise disjoint measurable partitions of E € R
and over all pairs rg, r;, such that |[r¢|| < o, |7 ]| < a, ll7x — 7|l <8, where & = sup [|s,(x) —

n,m
sm(x)| and o > 0 such that s,(x) € Ky, s,,(x) € K, for every x € X. Existence of such «

(0 < a < +00) is caused by the fact that each R-simple function s, is bounded and sequence

of functions (s,) uniformly converging to f. By the same fact it follows that § — 0 for

n,m — +00. Because u is locally uniformly continuous in variation, we get Vs(u,, E) — 0.
Hence

/ l(sn (%), %) — (s, (%), %) || dm — O
E

and consequently
/(p(sy,(x),x) dm — /(p(f(x),x)dm.
E E

From the definition of integral of totally R-measurable function [cf. [48]] we obtain
/ Spdu — / fdu.
E E

Finally we have
/fdu = /gocf(x),x)dm,
E E

for every E € R and each totally R-measurable f.

The proof of uniqueness.

Assume that there are two locally uniformly continuous Carathéodory functions ¢, @, :
S x X — F such that for a fixed r € S, the following holds for all E € R:

W(Eyr = f o1(r, ) dm = f o2(r, %) dm.
E E

This implies that the integral of their difference is zero for all measurable sets:

/ [@1(r, %) — @a(r, %) dm = 0 (VE€R).
E

Page 18 of 29
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A key property of the Bochner integral, based on convergence in norm, is that if a Bochner
integrable function has a zero integral over all measurable sets, then the function itself
must be zero almost everywhere. Applying this principle directly to the difference, we
conclude that ¢; (r,x) — ¢2(r,x) = 0 for m-almost every x € X. Therefore, ¢; = ¢ m-almost
everywhere. O

Remark 3.1 (Bochner case: a common null set without separability) Inthe Bochner setting
one does not need separability of F to obtain a single m-null set N C X such that ¢;(r,x) =
@a(r,x) for all » € S and all x € X \ N. Indeed, for each r fix a null set N, with ¢,(r,-) =
@y(r,-) m-a.e. on X \ N, (equality in F-norm). Choose a countable dense set D C S and
put N := {J,.p Ny, so m(N) = 0. For every x ¢ N we have ¢;(r,x) = ¢o(r,x) for all r € D.
If, as assumed, the Carathéodory regularity holds in » (for a.e. x the map r — ¢;(r,%) is
continuous—norm or just weak continuity suffices), then by density of D this equality
extends to all » € S. Hence a common null set exists irrespective of separability of F.

Theorem 3.3 Conversely, for every Bochmner integrable locally uniformly continuous
Carathéodory function ¢ : S x X — F such that ¢(0,x) = 0 m-almost everywhere, a set
Sfunction . defined by the formula w(E)r = [ ¢(r,x)dm is an operator valued measure sat-

E
isfying the conditions (1)-(4) from Theorem 3.2.

Proof Let u be defined by the formula u(E)r = [ ¢(r,x)dm and ¢ : S x X — F be a locally
E

uniformly continuous Carathéodory function such that ¢(0,x) = 0 m-almost everywhere.
Obviously, such measure satisfies conditions (1)-(3) by the Radon-Nikodym theorem 3.1.
Therefore, it is sufficient to prove (4). Assume to the contrary that vs(itq.X) - 0as 8§ — 0.
Since

4500020 =500l Y [ 16033) - 07,91 i)
i=1 A

we may assume that there exists an 4 > 0, disjoint sets (4;) such that U7, A; = X such that

17, € Ko, |lri = 7]l <0and
n
Z/ (i, x) — p(r,, x)|| dm > a.
=1

On the other hand ¢ is uniformly continuous on every ball K,, for m-almost every x € X.
Since r;, r; € Ky, it follows that we can choose such & > 0 that for ||r; — 7}|| < § we have

llo(ris %) = (r;, )|l < ;50 Hence,
n
Z/ lp(ri, %) — o(r), x)|| dm < a.
=1 4,
Contradiction. 0

Theorem 3.4 If | is an operator measure satisfying conditions (1)-(4) from Theorem 3.2
and ¢ is a function existing by this theorem, then
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1. foreveryf € M(u,m) o(f(:),) is Pettis integrable and [ f du = (P) [ ¢(f (x),x) dm
E E
(Pettis integral),
2. foreveryf e MV(u,m) ¢(f(-),-) is Bochner integrable and [ f di = [ o(f(x),x) dm
E E

(Bochner integral),
forevery E € R.

Proof Since f € M(u, m) then

/fd,u:lilgn/flzkdu,
E E

where (Z) is non-decreasing sequence of sets such that (X \ Zx) \( N, Nis m-null, f - 1,

is totally R-measurable function and li}in [ f -1z, du exists for every E € R. Existence of
E

such sets (Z;) follows from Remark 1.1. By Theorem 3.2 we have

/f’IdeM:/(p(f'IZk(x)rx)dm'
E

E

Since the limit lilr(n f o(f - 17,(x),x)dm exists for every E € R and o(f - 17, (x),x) —
E

©(f(x),x) m-almost everywhere, then
/fd,u = /(p(f(x),x)dm,
E E

where this integral is the Pettis integral (the second Dunford integral) cf. [16].
If f € MV (u, m) then V(Gr)(X) < +00 and

/ lo(f - 12, (x),2) |l dm = V(G)(Zi) < V(Gp)(X) < +00.
E

Thus, {[le(f - 1z,(x),%)||} is a sequence of Bochner integrable functions. On the other side,
this sequence is non-decreasing. Therefore, applying Lebesgue monotone convergence
theorem, we obtain

[ 1ol dm =tim [ 106 12,6001 dm < VIGO0 < .
E E

Finally, ¢(f(-), -) is the Bochner integrable and [ fdu = [ ¢(f(x),x)dm. O
E E

Remark 3.2 Part (a) of Theorem 3.4 corresponds to the Theorem 2.3, in which assump-
tions (3) and (4) were omitted, but additionally F was assumed to be weakly complete Ba-
nach space. As a result of that theorem we got a kernel function ¢, which was only locally

uniformly weakly Carathéodory function.
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4 Application to nonexpansive-type operators and iterative methods

By Sects. 2-3, the Pettis/Bochner Radon-Nikodym representation of u provides a
Carathéodory kernel ¢ so that, for every E € R and for every totally R-measurable
f:X — S we have the measure representation

/ fdp= / @(f (x),x) dm(x).
E E

Definition 4.1 We define the global nonlinear integral operator as

If = f fdu
X
for every totally R-measurable f : X — S.

As a direct consequence of Theorem 3.2 (with the same notation and the same assump-
tions))

If = / o(f(»),y) dm(y) € F
X
which is well-defined whenever y — ¢(f(y), y) is Bochner integrable.

4.1 Nonexpansive/contractive regime from Theorem 3.2
Assumption 4.1 (Lipschitz modulus) There exists a measurable function L : X — [0, 00)
such that for m-a.e.ye X and all r;,rp €S,

llo(ri,y) — @(ra, M < L) |lry = ra|l.
Moreover, for p € [1, co] with conjugate g, let L € LI(X).

We assume the following Lipschitz control, stated with the same kernel ¢ as in Theo-
rem 3.2:
(L1) For m-a.e.y € X, the map r — ¢(r,y) is Lipschitz on every ball K, C S, with
constant L(y); that is,

le(ri,y) =@l = L) I —rall  (Vr,r €S). 1

(L2) Let p €[1,00] and ¢q be its conjugate exponent (1/p + 1/q = 1; by convention g = 0o
if p=1). Assume L € L9(X) and ||L||za¢x) < 1.

(L3) ¢(0,y) =0 for m-a.e.y € X.

Then for all f,g € L#(X, S) (using the Holder inequality),

ITf - Tgll < /X 10U ).9) — 9O Pllr dm) < Lo If - gllees. @)

Consequently, 7' is nonexpansive if || L||z2(x) < 1, and a strict contraction if ||L||zs¢x) < 1.

This shows that the integral operators arising from Theorem 3.2, when endowed with
natural Lipschitz control, belong to the class of nonexpansive-type mappings widely stud-
ied in fixed point theory and iterative methods [6, 17, 18, 38—40, 43, 44]
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4.2 Iterative schemes for nonexpansive mappings
Assume F = S and Fix(T) # @, where Fix(T) denotes the set of fixed points of 7.
1. Krasnoselskii—-Mann iteration. Let («,,) C (0, 1) and define

S = Q=)+, If, n>0.

This scheme goes back to [25, 27]. In uniformly convex spaces, if
Y o2 oan(l—a,) =00 and T is nonexpansive, then (f,) is bounded and every weak
cluster point lies in Fix(T); see [17, 27]. Under additional assumptions (Opial
property or demiclosedness of I — T at 0) one obtains weak convergence of the
whole sequence; cf. [5, 36, 39, 45].

2. Halpern iteration (Hilbert case). Let S be a Hilbert space, fix u € S, and let (1,,)
satisfy A, | O and ), A, = 00. Define

fus1 = Agu + (1= Ay) I,
Then f, — Prixry in norm [2, 19, 39, 41, 42, 44], where Pgixr) denotes the metric
projection onto Fix(T).

3. Picard iteration. If T is a strict contraction (i.e. ||L||za(x) < 1), then the Picard

iteration
Jur1 =Tfy
converges in norm to the unique fixed point of 7' [6].

4.3 Continuity and convergence
We use the Radon-Nikodym representation from Sects. 23,

/ Sfdu= / p(f(x),x)dm(x)  (E€R), 3)
E E

with a Carathéodory kernel ¢ (Pettis/Bochner RN: Thm. 2.3/3.2/3.4), and the Lipschitz

estimate of Assumption 4.1,

ITf = Tgll < 1Ll IIf - gllee- (4)
These two facts are the sole inputs below.

Proposition 4.1 (Norm convergence via the Bochner RN representation) Assume 4.1
(Lipschitz on balls with modulus L € L, 1/p+1/q = 1, and ¢(0, ) = 0). Iff,, — f, in LP(X;S),
then
If, — If, inF, and /ﬂdﬂ%/ﬁduianoreveryEeR.
E E

Proof From (4), || If, — Tf.|l < |IL|lza||fs —fillze — 0. Using (3) and Holder,

| Sy othumrydm = [y ofonydm| < ILIua 1o~ fllinigs) — 0. 0
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Proposition 4.2 (Weak (Pettis) compatibility via the Pettis RN representation) Under the
weak hypotheses of Sect. 2 (local uniform weak continuity in r as in Thm. 2.3) together with
the same Lipschitz control on balls, if (f,) is bounded in L (X;S) and f,, — f. in L?, then for
every E € R and every z* € F*,

<z*, /E fnd,u> - <z*, /E ﬁdu>.

Equivalently, the partial integrals converge weakly in the Pettis sense.

Remark 4.1 Whenever an algorithm in Sect. 4.2 (Picard in the strictly contractive regime;
Krasnosel'skii-Mann/Halpern under their standard assumptions) delivers f, — f; in L7,
Proposition 4.1 yields Tf, — Tf. and, for every E, [, f,din — [,.f. djv. In the self-mapping
case F = §, if the limit is a fixed point (f, € Fix(T)), then TIf, = f.. If only weak convergence
is available, Proposition 4.2 ensures Pettis-type compatibility for all partial integrals.

Remark 4.2 The abstract integral with respect to a nonlinear operator-valued measure be-
comes algorithmically tractable: (i) the nonexpansive estimate (4) gives stability of outputs
with respect to inputs; (ii) the RN representation (3) guarantees that limits produced by
iterative schemes are consistent with the measure-level objects |, (-)du. This closes the
loop between Sects. 2—3 (representation) and Sect. 4.2 (iterations) without any further
structure.

4.4 Examples: Nemytskii and Urysohn-type operators
All integral interchanges below are justified by Tonelli/Fubini under o —finiteness. For

F—valued expressions we apply Tonelli to the norm (reduce to a nonnegative scalar in-
tegrand), and domination comes from the mixed—norm integrability ||L|| L9k < 00

Definition 4.2 Let (X, X, m) be o -finite. For a measurable H : X x X — Rand 1 < p < 00,
1/p
||H(~,y)||L;; = (/ |H(x, )P dm(x)) forae . yeX,
X

and for 1 < g < oo,

1/
g = ( [ it amen) .
We also write
/ 1/
gy = NHC g g = ([ ([ 1H 0P dm)™ dm) ™

Remark 4.3 (L — L? under a mixed—norm Lipschitz bound) Let 1 < p < 0o and let g be
its Holder conjugate. Assume that for a.e. (x,y) € X x X and all r,s € R,

llox(r, ) — @u(s, MIIF < L, y) |7 =],

where L : X x X — [0, 00) is measurable. Set

1/p
)= ILCpp = ( fx |L(x,y)|1’dm(x)) for a.e. y € X,



Szczypinski Fixed Point Theory Algorithms Sci Eng (2026) 2026:3 Page 24 of 29

and suppose £ € Lg, ie. ||€||Ltyz = ”L”LZ(LQ’) < 00. Define the Urysohn-type operator

(TH)(x) := / ox(f(),y) dm(y) (f € LP(m;9)).
X
Then T : L?(m; S) — LP(m; F) is Lipschitz with

I Tf_ Tg”[};(}") = ”L”Lz(Lfc’) ”f_g||L§,’(5) (f:g € LP(m;S)).
In particular, if ”L”L;I(ij) <1, then T is nonexpansive on L?(m; F).

Proof (sketch) Forh=f —g,

I1Tf (%) - Tg@)lF < fXL(x,y) |h(y)| dm(y).

Taking the L”-norm in x and applying Minkowski’s integral inequality gives

I1Tf - Tgll,» < / ILC D |h)] dm(y) = / L) |h(y)| dm(y).
X X
Holder in y with exponents (g, p) yields

ITf = Tl 2 < el Al 2

Equivalently, the operator Lipschitz constant is ||L|| aty which coincides with the mod-

ulus furnished by the parametric extension of Theorem 3.2 (parameter y). O

Remark 4.4 (Endpoint cases p = 1 and p = co) The arguments below use Holder with a
finite conjugate exponent, hence 1 < p < co. At the endpoints one needs different (often

stronger) hypotheses. For p = 1,

17 = Telly < (esssup [ Lexy)dmo) 1f gl
yeX X

i.e. the constant is ||L||L§O(L}C). For p = o0,

I17f - Tl < ((ess sup / L) dm) If - glle,
xeX X

i.e. the constant is ||L|| Lagy More refined weak-type/Schur-type assumptions are possi-

ble, but we do not pursue endpoints here.

Remark 4.5 By Theorem 2.3, both the Nemytskii and the Urysohn instances admit RN-
type kernels. For the Nemytskii case, (Tf)(x) = ¢(f(x),x) with ¢ as obtained in Sect. 2
and 3. For the Urysohn operator, write ¢,(r, -) so that (If)(x) = [, X (px(f ), y) dm(y); this is

precisely the parametric form used below.
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Example 4.1 (Nemytskii operator) By Theorem 3.2, the Radon—Nikodym kernel ¢ sat-
isfies Tf = [, @(f(y),y) dm(y). All nonexpansive/contractive bounds then follow directly
from (2) under Assumption 4.1.

Assume that for m-a.e. y € X the map r — ¢(7,y) is Lipschitz on every ball K, C S with
constant L(y), and that L € L1(X) with ||L||zzcx) < 1 (where 1/p + 1/g = 1). Suppose also
¢(0,y) = 0 a.e. Then the global integral operator

If = /X o(f),y) dm(y)

is well-defined on L7 (X, S) and satisfies

ITf - Tgll < /XLO/) If @) —gWlldm(y) < |ILllax IIf - gllrxs)-

Hence T is nonexpansive; if ||L| 1a(x) < 1, then T is a strict contraction.
Proof (sketch) This is exactly (2) using Holder’s inequality and ¢(0, y) = 0. d

Example 4.2 (Urysohn operator) Let 1 < p < 0o and let g be its Holder conjugate. Suppose
K:X x X x R— Ris measurable in (x,y) and for all r,s € R,

|K(x,y,7)— K(x,9,8)| <L(x,y)|r—s| fora.e. (x,7 X xX, (5)
with a measurable L > 0. Set, for a.e. y € X,

1/
)= ILCI = /X LGP dmi)

and assume £ € LI with Ly := ||£],4 = ||L < 00. Define
€Ly W o:=l ”L;I l ”Lz(Li)

(1P)w5= [ Ky fondmo)
X
whenever the integral exists. Then for all f, g € L7 (X),

1T - Tellp < Lo lf - gllp-

In particular, if Ly < 1 then T is nonexpansive on L(X); if Ly < 1, then T is a strict con-

traction.

Proof Let h:=f —g. By (5), for a.e. ,

1)~ e = [ (K f 0 =K ngon) dm()| < [ 1669 ) i),
X X

Taking the L”-norm in x and using Minkowski’s integral inequality,

17F - Tal,p < /X 1G9l )] dim(y) = fX () 1hy)| dm).



Szczypinski Fixed Point Theory Algorithms Sci Eng (2026) 2026:3 Page 26 of 29

By Tonelli, y — ||L(, )| 2 is measurable (since (x,y) — |L(x, y)|? is), so the right-hand side
is well defined and finite whenever ||L|| L9k < Applying Holder in the y-variable with
exponents (g, p) yields

WZf =Tl = W€l Wl = Lo Ilf =&l 2-
This proves the claim. O

Remark 4.6 (Explicit link to Theorem 3.2) For each fixed y, the map r — K(x,y,r) is Lips-
chitz in r with pointwise modulus L(-, y) in x. Interpreting y as a parameter, the parametric
form of Theorem 3.2 identifies the Lipschitz modulus at the operator level with

lellg = 112Gz | g0

which is exactly the mixed norm |L|| L) appearing above. Hence the bound obtained
directly by Minkowski’s and Holder’s inequalities is the operator-level Lipschitz constant
predicted by the parametric extension of Theorem 3.2. See also classical approaches to
nonlinear equations of the Urysohn type [8, 9, 26].

Lemma 4.1 (Consistency of kernels in Examples 1.1-1.2) Let u be the operator-valued
measure from Example 1.1 or Example 1.2. Then w satisfies the assumptions of Theo-
rem 3.2, and the Carathéodory kernel ¢ obtained there agrees a.e. with the kernel used
in the example (respectively ¢(r,x) in Example 1.1 and ¢(r,x) = fx K(x,y,r)dm(y) in Ex-
ample 1.2).

Proof sketch This follows from the reverse direction (Theorem 3.3) together with the a.e.
uniqueness of the Radon—Nikodym kernel in Theorem 3.2. O

Remark 4.7 In Sect. 1 Examples 1.1 and 1.2 stand on their own: the operator-valued mea-
sures 1 defined there, and the corresponding integrals [ f du, already yield the classical
Nemytskii and Urysohn operators without invoking Sects. 2—3. The conclusions obtained
from the theorems in Sect. 3 (Lemma 4.1) justify the representation of these operators in
the form with the Caratheodory kernel ¢(r,x). Only at this stage do we impose the Lips-
chitz assumption on r — ¢(r,-) (Assumption 4.1), which yields the nonexpansive/contrac-
tive bounds in L? and, in turn, the standard fixed-point schemes (Halpern, Picard).

Remark 4.8 In Example 4.1 the kernel arises from Theorem 3.2. In Example 4.2, K(x,y,r) =
©x(r,) corresponds to the family (1,) of Sect. 3. Thus both examples are direct corollaries
of the Radon-Nikodym representation with the stated Lipschitz conditions.

1/p

Corollary 4.1 (Picard, strict case) If sup (/ L(x, yy dm(y)) <land F=S, then T :
xeX X
L7(X,S) — L?(X,S) is a strict contraction and the Picard iteration f,.1 = Tf,, converges in

norm to the unique fixed point f* € L (X, S).

5 Conclusions
1. Representation and global operator. Under semivariation bounds and absolute
continuity u < m, the operator-valued measure admits a Radon—Nikodym—type
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representation by a (locally uniformly continuous) Carathéodory kernel
¢:SxX—>F:

W(E)r = / o(r,x)dm(x) (E€eR, reb),
E
hence, for admissible f,

(P) [z o(f(x),x) dm(x) (Pettis),
/fdu=
£ Jp o (f (), x) dm(x) (Bochner).

In particular,

Tf := /fdusz(f(x),x)dm(x)el-",
X X

which is consistent with the setwise construction and stable under standard
approximations.

2. Mixed—norm Lipschitz modulus on L?. If for a.e. (x,y) and all r,s e R

lox(r, ¥) — ox(s; MlF < L(x,y) |1 — 5|

with measurable L > 0, and if 1 < p < 0o with 1/p + 1/g = 1, then

”Tf_ Tg”[ﬁ(]—") = ”L”LZ(LfC’) ”f_g”LIy’(s) (f’g € Lp);

so T is nonexpansive when ||L|| L9 <1 and a strict contraction when < 1. This
operator constant agrees with the one predicted by the parametric extension of
Theorem 3.2 (parameter ¥).

3. Iterative consequences and the role of Vitali. The mixed—norm control supplies
verifiable hypotheses for the convergence of standard fixed-point schemes
(Krasnoselskii—-Mann, Halpern). We also make explicit why Vitali-type arguments
alone do not yield norm convergence in this setting and how the representation
furnishes the regularity needed to recover it.

4. Classical integral operators as special cases. Nemytskii and Urysohn operators fit
the framework. For Nemytskii, (Tf)(x) = ¢(f (x), x) with the same kernel ¢; for
Urysohn, (Tf)(x) = |, K (x, wf (y)) dm(y) and the parametric kernel
©x(r,y) = K(x,y,r) yields the same mixed—norm Lipschitz modulus ||L|| Lab)

5. Outlook. Natural directions include: (i) extensions to Orlicz/variable—exponent
settings via growth encoded in g; (ii) refined demiclosedness and Opial—type
principles under representation—level moduli; (iii) stability for composed/perturbed
kernels and measure-driven evolutions. These would further strengthen the links
between RN-type representations and nonexpansive—type operator theory and
algorithms.
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